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 Remarks on Path-transitivity in Finite Graphs
 M ARSTON D . E . C ONDER AND C HERYL E . P RAEGER
 This paper deals with graphs the automorphism groups of which are transitive on vertices
 and on undirected paths (but not necessarily on directed walks) of some fixed length . In
 particular , it is shown that if the automorphism group  G  of a graph  G  is transitive on vertices
 and on undirected paths of length  k  1  1 in  G , for some  k  >  1 , then  G  is also transitive on  k -arcs
 in  G . Further details are given for the case  k  5  1 , for the case of cubic graphs , and for the case
 k  .  4 .
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 1 .  I NTRODUCTION
 There has been considerable interest recently in graphs which are vertex-transitive
 and edge-transitive but not arc-transitive (see [1 ,  6] , for example) . In this paper we
 consider the more general situation of those graphs the automorphism group of which
 is transitive on vertices and on undirected paths of some fixed length  k , but not
 necessarily on  k -arcs (directed paths of length  k ) .
 In particular , we prove the following in Section 2 :
 T HEOREM 1 .  Suppose that  G  is a connected finite  y  ertex - transiti y  e graph with
 automorphism group G , and k is a positi y  e integer . If G is transiti y  e on paths of length
 k  1  1 in  G , then G is also transiti y  e on k - arcs in  G .
 T HEOREM 2 .  Suppose that G is transiti y  e on  y  ertices and on paths of length  2  but not
 on  2- arcs in  G . Then , for e y  ery  y  ertex  a  of  G :
 (a)  the stabilizer G a  of  a  is  2- homogeneous but not  2- transiti y  e on the set  G ( a  )  of all
 y  ertices adjacent to  a  ;
 (b)  the degree of  a  is a prime - power q  ( the same for all  y  ertices ) , with q  ;  3  modulo  4 ;
 and
 (c)  the stabilizer G a  has odd order .
 T HEOREM 3 .  Suppose that G is transiti y  e on  y  ertices and on paths of length k  1  1  in
 G , where k  >  1 . Then either G is transiti y  e on  ( k  1  1)- arcs , or G has two paired orbits  ¸
 and  ¸  *  on  ( k  1  1)- arcs  ( such that  ¸  *  consists of the re y  erses of the  ( k  1  1)- arcs in  ¸  ) . In
 the latter case , G is transiti y  e on k - arcs , and the stabilizer in G of any k - arc
 ( a  0  ,  a  1  ,  .  .  .  ,  a k 2 1  ,  a k ) has two orbits on  G ( a k ) \ h a k 2 1 j , each of length  1 – 2 ( u G ( a k ) u  2  1) .
 Theorem 1 answers a question raised to us by Brian Alspach . Theorem 3 may be
 viewed as a generalization of a theorem of Tutte which deals with the case  k  5  0 : every
 vertex- and edge-transitive graph of odd degree is also arc-transitive (see [9 , Theorem
 7 . 53]) . Furthermore , all these theorems remain valid for an infinite connected
 vertex-transitive graph  G  of finite degree (with vertex-stabilizer  G a  assumed finite also
 in the case of Theorem 2) .
 In Section 3 we analyse the situation for symmetric graphs of degree 3 which , by an
 earlier theorem of Tutte , can be at most 5-arc-transitive , and in Section 4 we provide
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 some examples—including two infinite families of finite cubic graphs which are
 2-arc-regular but 3-path-transitive , and 4-arc-regular but 5-path-transitive , respectively .
 Finally , in Section 5 we give a proof of the following theorem for finite symmetric
 graphs of degree greater than 3 , as a corollary to Theorems 1 and 3 . This was kindly
 pointed out to us by Richard Weiss , who showed in [10] (using the classification of
 doubly transitive finite permutation groups) that such graphs are at most 7-arc-
 transitive .
 T HEOREM 4 (Weiss) .  If  G  is a connected finite regular graph of degree greater than  3 ,
 the automorphism group of G which is transiti y  e on paths of length k in  G , for some
 k  >  2 , then :
 (a)  k  <  7 ;  and
 (b)  if k  .  4  then the degree of  G  is of the form q  1  1  for some prime - power q , and G is
 also transiti y  e on k - arcs in  G .
 However , first we set some notation and make a few definitions .
 Let  G  be a graph with automorphism group  G  5  Aut ( G ) .  An  arc  is an ordered pair of
 adjacent vertices in  G , and the graph  G  is said to be  y  ertex - transiti y  e , edge - transiti y  e  or
 arc - transiti y  e  if  G  is transitive on the set of all vertices , edges or arcs of  G  respectively .
 A  k - arc  in  G  is an ordered ( k  1  1)-tuple ( a  0  ,  a  1  ,  .  .  .  ,  a k 2 1  ,  a k ) of vertices of  G  such
 that  a i 2 1 is adjacent to  a i  for 1  <  i  <  k , and  a i 2 1  ?  a i 1 1 for 1  <  i  ,  k ; in other words , a
 directed walk of length  k  which never includes the reverse of an arc just crossed . The
 graph  G  is then said to be  k - arc - transiti y  e  if  G  is transitive on the set of all  k -arcs in  G .
 In particular , 0-arc-transitive means vertex-transitive , and 1-arc-transitive means
 arc-transitive (or  symmetric ) .
 Identifying each  k -arc  A  5  ( a  0  ,  a  1  ,  .  .  .  ,  a k ) with its reverse  A *  5  ( a k  ,  a k 2 1  ,  .  .  .  ,  a  0 )
 gives rise to the notion of a  k - path , which is essentially an undirected path of length  k
 in which no edge occurs twice in succession . The graph  G  may be called
 k - path - transiti y  e  if  G  is transitive on the set of all  k -paths in  G  and , accordingly ,
 1-path-transitive means edge-transitive , and so on .
 Note that if  k  is even (and every vertex has degree 2 or more) , then  k -path-
 transitivity immediately implies vertex-transitivity : consider the middle vertex of each
 k -path . On the other hand , there certainly exist graphs which are edge-transitive but
 not vertex-transitive , and so the same is not always true when  k  is odd . In [1] the term
 (2 k  1  1) / 2- transiti y  e  is used to describe the case in which  G  is transitive on  k -arcs and
 ( k  1  1)-paths but not on ( k  1  1)-arcs of  G ; however , we prefer to avoid ambiguity and
 choose not to adopt this notation at all .
 2 .  P ROOFS OF T HEOREMS 1 – 3
 P ROOF OF T HEOREM 1 .  First note that , by vertex-transitivity , every vertex of  G  has the
 same degree , say  q . If  q  5  1 the theorem is trivial , and if  q  5  2 then  G  is a circuit and
 therefore  s -arc-transitive for all  s  >  0 . Hence we suppose that  q  >  3 .  We now prove that
 G  is arc-transitive on  G , by showing that the stabilizer  G a  of a vertex  a  is transitive on
 the set  G ( a  ) of vertices adjacent to  a  ,  and then extend this to show that  G  is transitive
 on the  k -arcs of  G .
 Suppose that  b  and  g  are any two vertices in  G ( a  ) .  Letting  d  be a third vertex in
 G ( a  ) ,  consider the following ( k  1  1)-arcs in  G :
 P  5  ( g  ,  a  ,  b  ,  b  2  ,  .  .  .  ,  b k ) ,  Q  5  ( b  ,  a  ,  g  ,  g  2  ,  .  .  .  ,  g k ) ,
 R  5  ( d  ,  a  ,  b  ,  b  2  ,  .  .  .  ,  b k ) ,  S  5  ( d  ,  a  ,  g  ,  g  2  ,  .  .  .  ,  g k ) .
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 By ( k  1  1)-path-transitivity , there is some element  x  P  G  which maps  P  to either  Q  or
 Q * , the reverse of  Q ,  and similarly there is some  y  P  G  mapping  R  to  S  or  S * , and
 some  z  P  G  mapping  R  to  Q  or  Q * . If one of these elements maps  P  or  R  to either  Q
 or  S , then if takes ( a  ,  b  ) to ( a  ,  g  ) . Otherwise ,  P x  5  Q * and  R y  5  S * and  R z  5  Q * , in
 which case  xz 2 1 maps  P  to  R  and  z  2 1 y  maps  Q  to  S ,  and then  z  2 1 y ( xz  2 1 ) 2 1 takes
 ( a  ,  b  )  to ( a  ,  g  ) .  Hence in all cases , some element of  G a  takes  b  to  g  ,  so  G  is transitive
 on the arcs of  G .
 Next , if  k  >  2 ,  suppose that  A  5  ( a  0  ,  a  1  ,  .  .  .  ,  a k ) and  B  5  ( b  0  ,  b  1  ,  .  .  .  ,  b k ) are any
 two  k -arcs of  G . Let  T  5  ( b  0  ,  b  1  ,  .  .  .  ,  b k  ,  τ  ) be any ( k  1  1)-arc extending  B ,  and for
 each vertex  l  P  G ( a k ) \ h a k 2 1 j ,  let  P l  be the ( k  1  1)-arc ( a  0  ,  a  1  ,  .  .  .  ,  a k  ,  l ) extending  A
 to  l .  By ( k  1  1)-path-transitivity , for each such  l  there exists some  g l  P  G  which maps
 P l  to either  T  or  T  * , the reverse of  T .  if  P g l l  5  T  for some  l , then  g l  takes  A  to  B .
 Otherwise , if every  g l  maps  P l  to  T  * , then for any two vertices  l  ,  m  P  G ( a k ) \ h a k 2 1 j ,  we
 find that  g l g
 2 1
 m   takes  P l  to  P m  .  In this case , for each  s  with 2  <  s  <  k  1  1 the stabilizer of
 the ( s  2  1)-arc ( a  k 2 s 1 1 ,  .  .  .  ,  a k 2 1  ,  a k ) is transitive on the set  G ( a k ) \ h a k 2 1 j , and so  G  is
 transitive on  s -arcs of  G . In either case , some element of  G  takes  A  to  B , and thus  G  is
 transitive on  k -arcs of  G .  h
 P ROOF OF T HEOREM 2 .  In Theorem 2 we consider the case  k  5  1 , with  G  5  Aut ( G )
 transitive on vertices and on paths of length 2 , but not transitive on 2-arcs in  G . For any
 vertex  a  of  G , let  G a  5  h g  P  G  3  a  g  5  a  j  be the stabilizer of  a  in  G .  Clearly ,  G a
 preserves  G ( a  ) , the set of all vertices adjacent to  a  in  G , and the size of  G ( a  ) is equal to
 the degree  q  of the regular (vertex-transitive) graph  G .
 If  h b  ,  g  j  and  h l  ,  m  j  are any unordered pairs of distinct vertices in  G ( a  ) then , by
 2-path-transitivity , some element of  G  maps the 2-arc ( b  ,  a  ,  g  ) to either ( l  ,  a  ,  m  ) or its
 reverse ( m  ,  a  ,  l ) , and in either case the pair  h b  ,  g  j  is mapped to  h l  ,  m  j . Thus  G a  is
 2-homogeneous on  G ( a  ) .  On the other hand , as  G  is not 2-arc-transitive on  G  the
 stabilizer of some arc ( b  ,  a  ) is intransitive on  G ( a  ) \ h b  j ,  and so  G a  is not 2-transitive on
 G ( a  ) .
 By a theorem of Kantor [4] on 2-homogeneous groups , this implies that
 q  5  u G ( a  ) u  5  p a  ;  3  mod  4 for some prime  p , and also that the permutation group
 induced by  G a  on  G ( a  ) has odd order . In particular , the stabilizer in  G a  of all vertices
 at distance 1 from  a  has odd index in  G a , and it then follows easily by induction that
 for any  d  >  1 , the stabilizer of all vertices at distance up to  d  from  a  has odd index in
 G a  .  By connectedness , this implies that  G a  itself has odd order , completing the proof of
 Theorem 2 .  h
 P ROOF OF T HEOREM 3 .  We return to the more general case in Theorem 3 , where  G  is
 assumed to be transitive on vertices and on paths of length  k  1  1 in  G , for some  k  >  1 .
 Let  D k 1 1 be the set of all ( k  1  1)-arcs in  G , and suppose that  ¸   is an orbit of  G  on
 D k 1 1  .
 If  ¸  5  D k 1 1 , then  G  is ( k  1  1)-arc-transitive , so let us suppose that  ¸  ?  D k 1 1 . Also
 suppose that  A  is any ( k  1  1)-arc in  ¸  . If  B  is any ( k  1  1)-arc not in  ¸  , then by
 ( k  1  1)-path-transitivity some element of  G  maps  A  to  B * , the reverse of  B , so  B *  P  ¸
 and therefore  B  P  ¸  * (the paired orbit of  ¸   under the action of  G  on  D k 1 1 ) . In
 particular , this shows that  D k 1 1  5  ¸  <  ¸  * .
 On the other hand , by Theorem 1 we know that  G  is transitive on the set  D k  of all
 k -arcs in  G , and it follows that if  m  is the number of distinct ( k  1  1)-arcs ( A ,  l ) in  ¸
 extending a given  k -arc  A  5  ( a  0  ,  a  1  ,  .  .  .  ,  a k ) ,  then  u ¸  u  5  u D k u  m .  Similarly , if  m * is the
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 number of distinct ( k  1  1)-arcs ( A ,  m  ) in  ¸  * extending  A , then  u ¸  * u  5  u D k u  m * , and then
 since  u ¸  * u  5  u ¸  u  we find that  m *  5  m .  But also  m  1  m *  5  u G ( a k ) \ h a k 2 1 j u ; therefore
 m  5  m *  5  1 – 2 ( u G ( a k ) u  2  1) .  This completes the proof of Theorem 3 .  h
 3 .  C UBIC  G RAPHS
 In this section we consider the special case of finite symmetric graphs of degree 3 .
 Recall first that by Tutte’s theorem [9] , every vertex- and edge-transitive graph of
 odd degree is also arc-transitive . Moreover , by earlier theorems of Tutte [7 ,  8] , a finite
 symmetric graph of degree 3 is at most 5-arc transitive ; indeed , the automorphism
 group of such a graph acts regularly on  s -arcs for some  s  with 1  <  s  <  5 .
 These graphs were classified by Djokovic ´ and Miller [3] according to the degree of
 arc-transitivity (and whether or not there is an involutory automorphism reversing an
 edge) , and subsequently described in a unified way in terms of generators and relations
 for the automorphism group by Conder and Lorimer [2] . There are precisely seven
 types , which may be listed as  G 1 1 ,  G 1 2 ,  G 2 2 ,  G  1 3 ,  G  1 4 ,  G  2 4 and  G 1 5 , where the subscript  s
 denotes  s -arc-regularity , and the superscript denotes whether or not the automorphism
 group of the graph contains an involution which flips an edge ; 1 for yes , 2 for no .
 Now suppose that  G  is any cubic graph the automorphism group  G  5  Aut ( G ) of
 which is transitive on  k -arcs but not on ( k  1  1)-arcs of  G . Then  G  acts regularly on
 k -arcs , and as every  k -arc is extendable to two distinct ( k  1  1)-arcs , it follows that the
 number of ( k  1  1)-paths in  G  is equal to the order of  G .  In particular ,  G  will be
 transitive on ( k  1  1)-paths if f the stabilizer of every ( k  1  1)-path is trivial .
 If  k  5  1 , then any automorphism stabilizing a 2-path with middle vertex  a  fixes the
 third arc ( a  ,  d  ) incident to  a  but not included in the given 2-path , and is therefore
 trivial . Hence  G  is 2-path-transitive in this case .
 In contrast , if  k  is odd and  k  >  3 , then there exists an involution in  G  which
 interchanges the two  k -arcs ( A ,  l ) and ( A ,  m  ) extending a given ( k  2  1)-arc  A  5
 ( a  0  ,  a  1  ,  .  .  .  ,  a k 2 1 ) , and this involution reverses a ( k  1  1)-path through the vertices
 l  ,  a k 2 1  and  m  (with middle vertex  a k 2 1 ) .  Hence  G  is not ( k  1  1)-path-transitive in this
 case .
 Finally , if  k  is even , then since the stabilizer of a ( k  1  1)-arc is trivial , any non-trivial
 automorphism stabilizing a ( k  1  1)-path must reverse that ( k  1  1)-path and therefore
 be an involution ; and , moreover , it must be an involution which reverses the middle
 edge of the given ( k  1  1)-path . Conversely , any involution reversing an edge  h a  ,  b  j
 reverses some ( k  1  1)-path with middle edge  h a  ,  b  j , and hence it follows that  G  is
 ( k  1  1)-path-transitive if f it has no involutory automorphism reversing an edge .
 The situation (for the seven types of finite symmetric graphs of degree 3) may thus
 be summarized as follows :
 Type  G  1 1  1-arc-regular  2-path-regular
 Type  G  1 2  2-arc-regular  2-path-  but  not  3-path-transitive
 Type  G  2 2  2-arc-regular  3-path-regular
 Type  G  1 3  3-arc-regular  3-path-  but  not  4-path-transitive
 Type  G  1 4  4-arc-regular  4-path-  but  not  5-path-transitive
 Type  G  2 4  4-arc-regular  5-path-regular
 Type  G  1 5  5-arc-regular  5-path-  but  not  6-path-transitive .
 Note , in particular , that these observations show that a finite vertex-transitive cubic
 graph can be at most 5-path-transitive . Also , the fact that examples of the type  G 2 4 are
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 5-path- but not 5-arc-transitive shows that Theorem 4 does not remain valid for graphs
 of degree 3 .
 4 .  E XAMPLES
 An infinite family of 1-arc-regular but 2-path-transitive cubic graphs of type  G 1 1 was
 shown to exist in [5] . Several examples of graphs of the types  G 1 1 ,  G 1 2 ,  G 1 3 ,  G  1 4 and  G 1 5
 were described in [3] , and single graphs of each of the types  G 2 2 and  G 2 4 (the first
 known examples of graphs of these types) were given in [2] . In this section we
 construct an infinite family of 2-arc-regular but 3-path-transitive graphs of type  G 2 2 , and
 an infinite family of 4-arc-regular but 5-path-transitive graphs of type  G 2 4 . To our
 knowledge , these are the first such infinite families to be constructed .
 The members of each family are obtained from their automorphism groups , which
 are all generated by two elements  h  and  a  of orders 3 and 4 . As in [2] , vertices
 correspond to left cosets of the subgroup  H  generated by the two elements  h  and
 p  5  a  2  in the case of  G 2 2 , and by the four elements  h ,  p  5  a 2 ,  q  5  h 2 1 ph  and  r  5  a  2 1 qa  in
 the case of  G 2 4 .  Vertices  xH  and  yH  are adjacent if f  x
 2 1 y  P  HaH ,  and the group
 G  5  k h ,  a l  acts on the graph by left multiplication : if  g  P  G , then  g  maps  xH  to  gxH  for
 all  x  P  G .  The dif ficulty lies in showing that  G  is the full automorphism group of the
 graph , which is then only 2-arc-transitive or 4-arc-transitive (and not  s -arc-regular for
 some larger  s ) .
 However , now suppose that  G  is a finite symmetric cubic graph constructed in this
 way , from group elements  h  and  a  of orders 3 and 4 respectively , such that  ph  5  h 2 1 p ,
 where  p  5  a  2 . In this case , since the additional relations  p 2  5  1 and  ap  5  pa  are
 obviously satisfied , the group  G  5  k h ,  a l  acts regularly on the 2-arcs of  G , and contains
 no involution reversing an edge ; see [2] . Also by observations made in [3] , the graph  G
 is either 2- or 3-arc-regular (since the automorphism group of a finite 4- or
 5-arc-transitive cubic graph contains no 2-arc-regular subgroup) . If  G  is 3-arc regular
 then , by [2 , Proposition 4 . 1] , there exists an automorphism  f  of the group  G  such that
 h f  5  h , p f  5  p  and  a  f  5  ap  5  a 2 1 ,  in which case the elements  u  5  hahaha 2 1 ha 2 1 haha 2 1
 and  y  5  ha 2 1 ha 2 1 hahaha 2 1 ha  are mutually conjugate under  f  ,  and so have the same
 order . Hence if these two elements have distinct orders , then  G  is 2-arc-regular of type
 G 2 2 , with full automorphism group  G .
 Similarly , if  G  is constructed from group elements  h  and  a  of orders 3 and 4 and
 satisfying the additional relations  pq  5  qp , pr  5  rp ,  ( qr ) 2  5  p , ph  5  hq , qh  5  hpq ,
 rh  5  h 2 1 r , pa  5  ap , qa  5  ar  and  ra  5  aq ,  where  p  5  a 2 , q  5  h 2 1 ph  and  r  5  a 2 1 qa ,  then
 the group  G  5  k h ,  a l  acts regularly on the 4-arcs of  G  (and contains no involution
 reversing an edge) . Furthermore ,  G  is either 4- or 5-arc-regular , and if  G  is 5-arc-regular
 then by [2 , Proposition 4 . 1] there exists an automorphism  f  of  G  such that  f
 centralizes each of  h ,  p ,  q  and  r  but  a f  5  ap  5  a  2 1 .  Hence , again , if the two elements
 u  5  hahaha 2 1 ha 2 1 haha  2 1  and  y  5  ha 2 1 ha 2 1 hahaha 2 1 ha  have distinct orders , then no
 such  f  exists , and  G  is the full automorphism group of  G  (which is then 4-arc regular of
 type  G 2 4 ) .
 Our first family is constructed as follows .
 4 . 1 .  Suppose that  k  is any integer greater than 3 , and let  n  5  6 k  1  3 .  Define even
 permutations  h  and  a  of the set  h 1 ,  2 ,  3 ,  .  .  .  n j  as follows :
 h  5  (1 ,  2 ,  3)(4 ,  5 ,  6)(7 ,  8 ,  9)  ?  ?  ?  ( n  2  5 ,  n  2  4 ,  n  2  3)( n  2  2 ,  n  2  1 ,  n ) ,
 M . D . E . Conder and C . E . Praeger 376
 and
 a  5  (1 ,  4 ,  5 ,  2)(3 ,  7 ,  6 ,  8)(9 ,  10)(11 ,  13 ,  12 ,  14)  ?  ?  ?
 ?  ?  ?  (6 j  2  3 ,  6 j  2  2)(6 j  2  1 ,  6 j  1  1 ,  6 j ,  6 j  1  2)  ?  ?  ?
 ?  ?  ?  ( n  2  6 ,  n  2  5)( n  2  4 ,  n  2  2 ,  n  2  3 ,  n  2  1) ,
 with  j  running from 3 to  k  2  1 ,  and let  G  5  k h ,  a l .
 Clearly ,  h  has order 3 , and  a  has order 4 . Moreover , the involution  p  5  a  2 has the
 property that  php  5  h 2 1 ; in fact , conjugation by  p  inverts every cycle of  h  except for the
 first two (which are mutually reflected by  p ) . Also ,  G  5  k h ,  a l  is transitive on the set
 h 1 ,  2 ,  3 ,  .  .  .  n j ,  and it is a simple matter to calculate the cycle structures of the two
 elements  u  5  hahaha 2 1 ha 2 1 haha  2 1 and  y  5  ha 2 1 ha 2 1 hahaha 2 1 ha :
 (i)  u  consists of a single 6-cycle (1 ,  2 ,  14 ,  9 ,  7 ,  8) , the 3-cycles (3 ,  12 ,  10) , (4 ,  5 ,  18) and
 (6 ,  20 ,  15) , several more 3-cycles of the form (6 j  2  7 ,  6 j  1  6 ,  6 j  2  2) for 3  <  j  <  k  2  1 and
 (6 j  2  5 ,  6 j  1  8 ,  6 j  1  3) for 3  <  j  <  k  2  2 ,  a single 5-cycle ( n  2  14 ,  n  2  1 ,  n  2  5 ,  n  2
 10 ,  n  2  6) ,  and a single 4-cycle ( n  2  8 ,  n  2  4 ,  n  2  2 ,  n ) ;
 (ii)  y   consists of the 3-cycle (1 ,  2 ,  11) , a single 9-cycle (3 ,  9 ,  7 ,  8 ,  15 ,  19 ,  4 ,  5 ,  13) , a single
 6-cycle (6 ,  16 ,  23 ,  12 ,  10 ,  17) , several more 3-cycles of the form (6 j  2  4 ,  6 j  1  3 ,  6 j  1  7)
 for 3  <  j  <  k  2  1 and (6 j  2  6 ,  6 j  2  2 ,  6 j  1  5) for 4  <  j  <  k  2  1 ,  plus the 3-cycle ( n  2
 9 ,  n  2  5 ,  n  2  7)  and a single 2-cycle ( n  2  3 ,  n ) ,  and has  n  2  1 as a fixed point .
 In particular , as the 12th power of  u  is a single 5-cycle ( n  2  14 ,  n  2  5 ,  n  2  6 ,  n  2
 1 ,  n  2  10)  fixing the remaining  n  2  5 points , the same sort of argument as used in [2 ,
 Section 2] may be applied here to show that  G  5  k h ,  a l  is the alternating group  A n  ,  of
 order  n ! / 2 .  (Note that primitivity follows from the fact that any block of imprimitivity
 containing the five points moved by  u 1 2 would be preserved by both  a  and  h , since  a
 takes  n  2  5 to  n  2  6 , and  a  2 1 h  takes  n  2  10 to  n  2  6 ; the rest follows by Jordan’s
 theorem . )
 It follows that the graph  G  constructed from  h  and  a  has  n ! / 12 vertices . But also  u
 has order 60 while  y   has order 18 , so these two elements cannot be mutually conjugate
 under any automorphsm of  G ,  and thus  G  is 2-arc-regular (but 3-path-transitive) , of
 type  G 2 2 .
 The second family is constructed in a very similar way .
 4 . 2 .  Suppose that  k  is any integer greater than 4 , and let  n  5  36 k .  Define permutations
 h  and  a  of the set  h 1 ,  2 ,  3 ,  .  .  .  n j  as follows :
 h  5  (1 ,  2 ,  3)(4 ,  5 ,  6)(7 ,  8 ,  9)  ?  ?  ?  ( n  2  5 ,  n  2  4 ,  n  2  3)( n  2  2 ,  n  2  1 ,  n ) ,
 and
 a  5  (2 ,  7 ,  5 ,  10)(3 ,  16 ,  6 ,  13)(8 ,  21 ,  17 ,  27)(9 ,  30 ,  15 ,  24)(11 ,  20 ,  14 ,  29)
 3  (12 ,  23 ,  18 ,  26)(19 ,  32 ,  22 ,  35)(25 ,  36 ,  28 ,  33)(31 ,  40)(34 ,  37)  ?  ?  ?
 ?  ?  ?  (36 j  1  2 ,  36 j  1  7 ,  36 j  1  5 ,  36 j  1  10)(36 j  1  3 ,  36 j  1  16 ,  36 j  1  6 ,  36 j  1  13)
 3  (36 j  1  8 ,  36 j  1  21 ,  36 j  1  17 ,  36 j  1  27)(36 j  1  9 ,  36 j  1  30 ,  36 j  1  15 ,  36 j  1  24)
 3  (36 j  1  11 ,  36 j  1  20 ,  36 j  1  14 ,  36 j  1  29)(36 j  1  12 ,  36 j  1  23 ,  36 j  1  18 ,  36 j  1  26)
 3  (36 j  1  19 ,  36 j  1  32 ,  36 j  1  22 ,  36 j  1  35)(36 j  1  25 ,  36 j  1  36 ,  36 j  1  28 ,  36 j  1  33)
 3  (36 j  1  31 ,  36 j  1  40)(36 j  1  34 ,  36 j  1  37)  ?  ?  ?  ( n  2  34 ,  n  2  27 ,  n  2  31 ,  n  2  26)
 3  ( n  2  33 ,  n  2  20 ,  n  2  30 ,  n  2  23)( n  2  28 ,  n  2  15 ,  n  2  19 ,  n  2  9)
 3  ( n  2  27 ,  n  2  6 ,  n  2  21 ,  n  2  12)
 3  ( n  2  25 ,  n  2  16 ,  n  2  22 ,  n  2  7)( n  2  24 ,  n  2  13 ,  n  2  18 ,  n  2  10)
 3  ( n  2  17 ,  n  2  4 ,  n  2  14 ,  n  2  1)
 3  ( n  2  11 ,  n ,  n  2  8 ,  n  2  3)( n  2  5 ,  n  2  2) ,
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 with  j  running from 1 to  j  2  2 . Again  h  has order 3 and  a  has order 4 , and together they
 generate a transitive group . Note also that the permutation  a  is odd .
 Letting  p  5  a  2 , q  5  h 2 1 ph  and  r  5  a 2 1 qa ,  it is a straightforward exercise to verify that
 h ,  p ,  q ,  r  and  a  satisfy the additional relations  pq  5  qp , pr  5  rp ,  ( qr ) 2  5  p , ph  5  hq ,
 qh  5  hpq , rh  5  h 2 1 r , pa  5  ap , qa  5  ar  and  ra  5  aq ,  from which it follows that the group
 G  5  k h ,  a l  acts regularly on the 4-arcs of the corresponding graph  G .
 In fact , these permutations were chosen so that the orbits of the subgroup  H
 generated by  h ,  p ,  q  and  r  are all of form  h 36 j  1  1 ,  36 j  1  2 ,  .  .  .  ,  36 j  1  6 j ,  h 36 j  1  7 ,  36 j  1
 8 ,  .  .  .  ,  36 j  1  18 j ,  h 36 j  1  19 ,  36 j  1  20 ,  .  .  .  ,  36 j  1  30 j  or  h 36 j  1  31 ,  36 j  1  32 ,  .  .  .  ,  36 j  1  36 j ,
 for 0  <  j  ,  k .  The action of  H  on the first four orbits may be described by the following
 partial permutations :
 h 1  5  (1 ,  2 ,  3)(4 ,  5 ,  6)(7 ,  8 ,  9)(10 ,  11 ,  12)(13 ,  14 ,  15)
 3  (16 ,  17 ,  18)(19 ,  20 ,  21)(22 ,  23 ,  24)
 3  (25 ,  26 ,  27)(28 ,  29 ,  30)(31 ,  32 ,  33)(34 ,  35 ,  36) ,
 p 1  5  (2 ,  5)(3 ,  6)(7 ,  10)(8 ,  17)(9 ,  15)(11 ,  14)(12 ,  18)
 3  (13 ,  16)(19 ,  22)(20 ,  29)(21 ,  27)(23 ,  26)
 3  (24 ,  30)(25 ,  28)(32 ,  35)(33 ,  36) ,
 q 1  5  (1 ,  4)(3 ,  6)(7 ,  13)(8 ,  11)(9 ,  18)(10 ,  16)(12 ,  15)
 3  (14 ,  17)(19 ,  25)(20 ,  23)(21 ,  30)(22 ,  28)
 3  (24 ,  27)(26 ,  29)(31 ,  34)(33 ,  36) ,
 r 2  5  (1 ,  4)(2 ,  6)(3 ,  5)(8 ,  9)(11 ,  12)(13 ,  16)(14 ,  18)
 3  (15 ,  17)(20 ,  21)(26 ,  30)(23 ,  24)(25 ,  28)
 3  (27 ,  29)(31 ,  34)(32 ,  36)(33 ,  35) ;
 and the same action is repeated over the remaining orbits . The permutation  a  links
 these orbits together while satisfying the important relations  a 2  5  p  and  a  2 1 qa  5  r .
 As earlier , the cycle structures of the two elements  u  5  hahaha 2 1 ha 2 1 haha  2 1 and
 y  5  ha 2 1 ha 2 1 hahaha 2 1 ha  are easily calculated , and may be summarised as follows :
 (i)  u  consists of single cycles of length 4 ,  19 ,  14 ,  7 ,  22 ,  12 and 6 , plus several cycles of
 lengths 16 ,  13 ,  5 and 2 (mostly repeated in blocks of length 36) ; while
 (ii)  y   consists of single cycles of length 3 ,  10 ,  11 ,  20 ,  14 ,  18 ,  15 and 9 , plus several cycles
 of lengths 16 ,  5 ,  13 and 2 (mostly repeated in blocks of length 36) .
 In particular , the 240  240th power of  u  is a single 19-cycle which can be used to show
 that  G  5  k h ,  a l  is the symmetric group  S n , of order  n ! , and as the vertex-stabilizer  H  has
 order 24 , it follows that the graph  G  has  n ! / 24 vertices . Also ,  u  and  y   have distinct
 orders , so again these two elements cannot be mutually conjugate under any
 automorphism of the group  G ,  and thus  G  is 4-arc-regular (but 5-path-transitive) , of
 type  G 2 4 .
 5 .  P ROOF OF T HEOREM 4
 Let  G  be any connected finite regular graph of degree 4 or more , with  G  5  Aut ( G )
 transitive on paths of length  k  in  G , for some  k  >  2 .  By Theorem 1 , we know that  G  is
 transitive on ( k  2  1)-arcs , and therefore  G  is symmetric .
 If  s  is the largest positive integer for which  G  is transitive on  s -arcs in  G , and we
 suppose that  s  >  4 , then the degree of  G  must be of the form  q  1  1 for some
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 prime-power  q , and the stabilizer in  G  of any  s -arc ( a  0  ,  a  1  ,  .  .  .  ,  a s 2 1  ,  a s ) will have two
 orbits on  G ( a s ) \ h a s 2 1 j ,  of lengths 1 and  q  2  1 (see [11 , Section 4] , noting that Weiss
 uses the term ‘ s -path’ in place of ‘ s -arc’) . As  q  .  2 ,  it follows from Theorem 3 that  G
 cannot be transitive on paths of length  s  1  1 in  G , and thus  s  is also the largest value of
 k  for which  G  is  k -path-transitive .
 In particular , if  k  .  4 ,  then  k  <  s  <  7 by the main result in [10] , and the theorem
 follows .
 The situation for values of  s  smaller than 4 (and degree greater than 3) is left open .
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